Introduction
The structure of finite groups G with exactly two irreducible real characters is well known [Iw] . In particular, these groups G are solvable; in fact, they have a normal Sylow 2-subgroup which is homocyclic or Suzuki.
In this note we fix a prime p and turn our attention to groups with exactly two irreducible real Brauer characters, or in other words (by Brauer's lemma on character tables) to groups with exactly two p-regular real conjugacy classes.
We start by analyzing the case where p is odd. Contrary to the ordinary case in [Iw] , we shall need the classification of finite simple groups.
Theorem A. Suppose that G is a finite group with O p (G) = 1, where p is an odd prime. Then G has exactly two irreducible real Brauer characters if and only if G has exactly two irreducible real ordinary characters. In particular, G has a normal Sylow 2-subgroup.
We see that groups with exactly two real p-regular classes are solvable for p odd. The case p = 2 offers us a surprise: they need not be solvable. In fact, we prove the following.
Theorem B. Set p = 2 and let G be nonsolvable with O p (G) = 1. Then G has exactly two irreducible real Brauer characters if and only if G = PSL 2 (7) × K, where K has odd order.
Preliminaries
Throughout this paper, we work with characters or conjugacy classes, whichever way we find more convenient. If G is a finite group and p is a fixed prime, then IBr(G) is a set of irreducible p-Brauer characters of G. (In general, we shall use the notation in [Is2, Na] .) If φ ∈ IBr(G), thenφ(x) = φ(x) is an irreducible Brauer character of G. By Brauer's lemma on character tables (Theorem 6.32 of [Is2] ) applied to the Brauer character table, we see that G has the same number of irreducible real Brauer characters as of p-regular real conjugacy classes. We shall write IBr rv (G) for the set of irreducible real Brauer characters of G and Irr rv (G) for the ordinary ones.
We start with some preliminaries for the p = 2 case. Proof. Suppose that |IBr rv (G)| = 1. We want to show that G has a normal Sylow 2-subgroup, and working by induction, we may assume that O 2 (G) = 1. Now, if s ∈ G is an involution and g ∈ G, then the dihedral group s, s g contains a nontrivial odd real element or either is a 2-group. Thus s, s g is a 2-group, and by Baer's theorem s ∈ O 2 (G). This is not possible. For the converse, suppose that G has a normal Sylow 2-subgroup Q. Since IBr(G) = IBr(G/Q), we may assume that G has odd order. Then Irr(G) = IBr(G) has no real nontrivial characters. 2 Lemma 2.2. Suppose that Q is a 2-group acting nontrivially on a group K > 1.
(a) There exists 1 = x ∈ K and a ∈ Q such that x a = x −1 and a 2 acts trivially on K.
(b) If p is any prime, then there exists 1 = θ ∈ IBr(K) and a ∈ Q such that θ a =θ and a 2 acts trivially on K.
Proof. (a)
We may assume that Q acts faithfully because aC Q (K) and a act the same way on K for a ∈ Q. Now, we may assume that Q = a , where a 2 = 1. Now, there exists
Consider the cyclic group of order 2 generated by σ acting on Irr(K) and cl(K) in the following way. If χ ∈ Irr(K) and
where a is the element of Q obtained in part (a Proof. By induction on |G : L|. We may assume that G/L is a g-chief factor. Now, if G/L is a 2-group, then IBr(G | θ) = {φ} (by Green's Theorem 8.11 of [Na] ). Henceφ g = φ, and we are done in this case. So we may assume that G/L is odd. Now IBr(G | θ) is the number of θ -good conjugacy classes of G/L (see [Is1, Theorem 6.2] ). Since xL is θ -good if and
Since some 2-power of σ acts trivially on IBr(G | θ), then it follows that σ fixes some ψ ∈ IBr(G | θ). 2
Proof. Notice that T g = T and that g 2 ∈ T . Therefore g 2 fixes θ , and we may assume that g is a 2-element. Now, by Lemma 2.3, it follows that there exists
is real valued, and this proves the corollary. 2
Simple groups
In this section we prove all the results that we need on nonabelian simple groups. Our goal is to prove the following.
Theorem 3.1. Let S be a finite nonabelian simple group. Then S contains two nontrivial real elements of odd coprime orders, unless
We will need the following well-known statement, which we find convenient to restate it here. Proof. See [HB, Lemma IX.2.7] . 2 Lemma 3.3. Suppose that G = SL 2 (q). Then G contains two nontrivial real elements of odd coprime orders unless q = 2, 3, or 7.
Proof. Observe that G contains real elements of orders q + 1 and q − 1. In particular, we are done if q 4 is even. If q ≡ 1 (mod 4), then G contains real elements of order (q + 1)/2 and of prime order p | q. Assume q ≡ 3 (mod 4) and q > 3. If q + 1 is not a 2-power, then we can find an odd prime divisor r of q + 1, and G contains real elements of order r and (q − 1)/2. Otherwise q = 2 t − 1 is a Mersenne prime by Lemma 3.2; in particular t is a prime. If (q − 1)/2 = 2 t−1 − 1 is not a prime power, then we can find distinct odd prime divisors r and s of (q − 1)/2, and G contains real elements of order r and s. Finally assume that 2 t−1 − 1 is a prime power. In this case, by Lemma 3.2, 2 t−1 − 1 must be some Mersenne prime again; in particular t − 1 is a prime. It follows that t = 3 and q = 7. 2 Now we are ready to prove Theorem 3.1.
Proof of Theorem 3.1. Note that if a finite subgroup X of S has two nontrivial real elements of odd, coprime order, then so does S. Now Alt 5 has real elements of orders 3 and 5, so we are done with any alternating group Alt n , n 5.
The sporadic finite simple groups can be checked directly in the ATLAS (or more conveniently, using GAP). As a curiosity, we notice that M 11 , M 12 and M 23 are the only finite sporadic simple groups with exactly one pair of real classes with odd coprime orders.
So we may assume that S is a finite group of Lie type defined over F q . First assume that q = 2, 3, 7 and S is not a Suzuki 2 B 2 (q) nor a Ree 2 G 2 (q), 2 F 4 (q) group. Then S contains a fundamental subgroup which in turn contains SL 2 (q) or PSL 2 (q), and so we are done by Lemma 3.3.
For the remaining groups of Lie type, we identify S with G/Z(G), where G := G F , and G is a simple simply connected algebraic group with a Frobenius map F . By Proposition 3.1 of [TZ] , if G is not of types A n , D 2n+1 , or E 6 , then the Weyl group of G contains the central involution −1 and every semisimple element of G is real. This implies that 2 B 2 (q) contains real elements of (odd prime) orders dividing q − 1 and q 2 + 1. Similarly, 2 G 2 (q) contains real elements of (odd prime) orders dividing q − 1 and q 2 − q + 1. Furthermore, the claim is true for the Tits' group 2 F 4 (2) and so it is true for every 2 F 4 (q) . From now on we may assume that q = 2, 3, or 7 and that G is not of types 2 B 2 , 2 G 2 , 2 F 4 , and A 1 .
Assume G is classical. Since D 4 (q) and 2 D 4 (q) both contain real elements of (odd prime) orders dividing q 2 − q + 1 and q 2 + q + 1, we are done if G is of type D n with n 4. Next, B 2 (q) contains PSp 4 (q) > PSL 2 (q 2 ), so by applying Lemma 3.3 to PSL 2 (q 2 ) we are done if G is of type B n or C n with n 2. Similarly, both SL 4 (q) and SU 4 (q) contain Sp 4 (q) > SL 2 (q 2 ), so we are done if G is of type A n with n 3. Direct check shows that SL 3 (7) and SU 3 (7) contains real elements of order 3 and 7. Thus we have completed the classical case.
Assume G is of exceptional type. Under our assumptions, G 2 (q) embeds in G, and G 2 (q) contains real elements of (odd prime) orders dividing q 2 − q + 1 and q 2 + q + 1. (Notice that we exclude G 2 (2) ∼ = SU 3 (3) from this consideration.)
The theorem has been proved. 2
Notice that PSL 2 (7) = SL 3 (2) has 3 conjugacy classes of real elements, of order 2, 3, and 4. Similarly, SL 3 (3) and SU 3 (3) each has 5 conjugacy classes of real elements, of order 2, 3, 3, 4, and 6.
Proof of Theorem B Theorem 4.1. Let G be a finite nonsolvable group with O 2 (G) = 1. Then G has exactly two real conjugacy classes of odd order elements if and only if
where K is a group of odd order.
Proof. The "if" part is obvious, so we proceed to prove the "only if" implication, and we do this by induction on |G|. Let K be the largest solvable normal subgroup of G. Since G/K is nonsolvable we have that G/K has exactly 2 real Brauer characters by Lemma 2.1.
and L is perfect, we will have that L = SL 2 (7). But in this case, |Z(L)| = 2 and this is impossible since O 2 (G) = 1. Hence, K ∩ L = 1 and therefore G = K × L (see, for instance, [KS, (6.5. 2)]). Hence L ∼ = PSL 2 (7). Now, if x ∈ K is a real valued element of K and z ∈ L is real of order 3, then xz ∈ G is a real valued odd order element of G. Hence, we deduce that K has no nontrivial real valued classes of odd order elements. Then we conclude that K has a normal Sylow 2-subgroup by Lemma 2.1. Since O 2 (G) = 1, we have that K has odd order.
Hence, we may assume that G has no components. So we have that F * (G) = F (K) has odd order. Now, let g ∈ G be an involution of G. Since C G (F * (G)) F * (G), we have that g acts nontrivially on F * (G). By Lemma 2.2, there exists 1 = θ ∈ Irr(F * (G)) such that θ g =θ . By Lemma 2.3, there exists 1 = ψ ∈ IBr(K) such thatψ = ψ g . Let T be the stabilizer of ψ in G. If T = G then ψ is real, and by Lemma 3.1 of [NTT] , there is a real irreducible Brauer character η ∈ IBr(G) over ψ . However since IBr(G/K) already has a nontrivial Brauer character, this is a contradiction. So we may assume that T < G, and therefore T /K is solvable (because every proper subgroup of PSL 2 (7) is solvable). Now, apply Corollary 2.4 and we are done in this case.
So we may assume that K = 1. Let L be a minimal (nonsolvable) normal subgroup of G. Then L is a direct product of copies of a nonabelian simple group S. Notice that S cannot have two coprime odd order real classes, hence S is one of the three groups listed in Theorem 3.1. Suppose that L is not simple. Let x ∈ S be a real element of order 3. Then by considering elements (x, x, . . .) and (x, 1, 1, . . .) which are not G-conjugate, we will have a contradiction. So we have that L is simple and one of the groups listed. Notice that if N is another minimal normal subgroup of G, then by the same argument, we will also have real odd order classes in N , and we conclude that L is the unique minimal normal subgroup of G. So L G Aut(L), and therefore G/L has order dividing 2. If (SL 3 (3) ), then G has two real classes of order 3. The same happens if G = SU 3 (3) or if G = Aut (SU 3 (3) ). Finally, if G = Aut (PSL 2 (7) ), then G has two real classes of orders 3 and 7, and this is again not possible. Thus G = PSL 2 (7), as desired. 2
We close up this section with a few considerations about solvable groups with exactly two real Brauer characters. Proof. Suppose that G has exactly two irreducible Brauer real characters 1 and ψ. Let Q ∈ Syl 2 (G). By Gaschütz theorem, we know that F /Φ(G) is a completely reducible faithful G/F -module (possibly of mixed characteristics). Hence Q acts nontrivially on F /Φ(G) and we deduce that Q acts nontrivially on some G-irreducible submodule. In particular, we deduce that there exists a chief factor F /K of G such that Q acts nontrivially on F /K. Now, if 1 = δ ∈ Irr(F /K) and δ a =δ for some a ∈ Q (which we know it exists by Lemma 2.1), we conclude that δ lies over ψ , by Corollary 2.4. The same argument proves that Q acts trivially on K. Thus |G :
Now, we prove the converse. Suppose that φ is the unique nontrivial real irreducible Brauer character of G/K. Let δ ∈ IBr rv (G) be nontrivial and assume that K is not contained in the kernel of δ. Hence, there exists 1 = θ ∈ Irr(K) be under δ such thatθ = θ g for some g ∈ G. Thus g 2 stabilizes θ , and therefore g 2 stabilizes θ . Thus, we may assume that g has 2-power order. But then g ∈ C G (K) and θ g = θ . Hence, θ = 1, which is a contradiction. Finally notice that since IBr(G/F ) has no real valued nontrivial character, then G/F has a normal Sylow 2-subgroup. 2
As we see, studying solvable groups with exactly 2 real Brauer characters, reduces to study irreducible actions of a group H with a normal Sylow 2-subgroup on an odd elementary abelian p-group V such that all nontrivial element of v inverted by H lie in the same H -orbit.
The p odd case
We start with a fairly well-known lemma extending Baer's theorem for π -separable groups.
Lemma 5.1. Suppose that G is a π -separable group for some set of primes π . Let x ∈ G. If x, x g is a π -group for every g ∈ G, then x ∈ O π (G).
Proof. Arguing by induction on |G|, and working in G/O π (G), it is clear that we may assume that
From now on we fix an odd prime p.
Theorem 5.2. Let G be a finite group with
Proof. We argue by induction on |G|. By hypothesis (and Brauer's lemma on character tables), there is a unique nontrivial conjugacy class of p-regular real classes of G. Hence G has even order (because it has nontrivial real classes) and this class should be the (unique) conjugacy class of involutions.
Let Q ∈ Syl 2 (G) and π = {2, p}. Suppose that x is an involution of G and let g ∈ G. Now consider the dihedral group D = x, x g . If D is not a π -group, then there exists an odd prime q = p and y ∈ D of order q. Now the class of y is real, and this is impossible. Hence, we have that x, x g is a π -group for every g ∈ G.
Assume first that G is solvable.
. Now, all involutions of G are in U , and these commute since an involution inverts no element of order 4. Thus G has an elementary abelian 2-subgroup E containing all involutions of G. Since all involutions of G are G-conjugate, we have that E is a minimal normal subgroup of G. Now, | IBr rv (G/E)| = 2 because otherwise, we apply Lemma 2.1. We can also assume that O p (G/E) is nontrivial, or otherwise, we are done by induction. Now, let P /E be a nontrivial normal p-subgroup of G and let S ∈ Syl p (P ). Let N = N G (S), so that G = EN , N < G and so E ∩ N = 1. Hence, N contains no involutions. Thus |N | is odd and E ∈ Syl 2 (G). Now, we prove that if | IBr rv (G)| = 2, then G is solvable. We do this by induction on |G|. By hypothesis, we have that there is a unique nontrivial class of real elements in G of p -order (which is the class of involutions). If 1 < L G, then | IBr rv (G/L)| = 1 or 2. By Lemma 2.1 or by induction, we have that G/L is solvable. Hence we may assume that G has a unique minimal normal subgroup L. Then L is isomorphic to the direct product of copies of a nonabelian simple group S. If S is not one of the three groups listed in Theorem 3.1, then S has one nontrivial odd real p-regular class, and so does G. This is a contradiction. If L is not simple, then G has nonconjugate classes of involutions (x, 1, 1, . . .) and (x, x, x, . . . , x) , and this is again impossible. Hence L is one of the three simple groups listed in Theorem 3.1. All these three groups have real elements of order 4. This contradiction proves the theorem. 2
The following is Theorem A of the introduction. Proof. Suppose that | Irr rv (G)| = 2. Then G has a unique nontrivial real conjugacy class and all the elements in this class are involutions. Hence, G has a unique nontrivial real conjugacy class of p-regular elements of G. Thus | IBr rv (G)| = 2. Now, suppose that | IBr rv (G)| = 2. Hence we have that there is a unique nontrivial class of real p-regular elements in G (which should be class of involutions). Let Q ∈ Syl 2 (G). By Theorem 5.2, we know that Q is normal in G. Let 1 = x ∈ G be real. Then x 2 is real of odd order and since G has a normal Sylow 2-subgroup, we deduce that x 2 = 1 (if we wish by using Lemma 2.1). Hence x is a 2-element, and therefore a p -element. Hence x is an involution and this completes the proof of the theorem. 2
